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Content of this week

o Concentration and its uses
@ Sub-Gaussian random variables

@ Sub-Exponential random variables
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Concentration
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Concentration cont.

Let X1,..., X, be a sequence of IID random variables. Take the familiar

example of the weak law of large numbers,
n
Xi p
S%8,
~ p
i=1

if E|X1]| < oo, and where i = E[X1].
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Concentration cont.

Let X1,..., X, be a sequence of IID random variables. Take the familiar
example of the weak law of large numbers,

n
X.
§ = £> 1y
. n
i=1

if E|X1]| < oo, and where i = E[X1].
Similarly we can think of the CLT, where for an 1ID sequence of random
variables the second moment exists

"X p
E — - 4
ﬁ(i:l n M) i
A
where Z ~ N(0,1).
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Example

But how fast is this happening? It turns out that convergence in
probability /distribution alone can’t answer that questions.

Example

Let U ~ uniform(0,1), and M, | 0 with My < 1. Consider the sequence of

random variable random variable X, = I[u € (0, M,)], then X, £ 0 and for
all0<e<1 -

P[|X,| > €] < M,.
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High-dimensions

In what follows we generally thing of high-dimensional as being when the
number of parameters is increasing with the number of parameters. In this
scenario it is no longer clear if the CLT and WLLN hold:
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High-dimensions

In what follows we generally thing of high-dimensional as being when the
number of parameters is increasing with the number of parameters. In this
scenario it is no longer clear if the CLT and WLLN hold:

Example

Consider a p-dimensional multivariate normal distribution X, , ~ N(0, I,),
if the dimensiongg is fixed by the weak law of large numbers:

n
1 X
Zl—l np P 0‘
n

However, if p increase with n such that p/n — ¢ > 0 then

n 2 2
Zi:l XnvP
n

Xp

~
n

2 _—

whose variance > 0, therefore this never converges in probability to 0.
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Basic concentration inequality
Theorem

For a positive random variable X with E[X] < oo:

P(X>1t)< ]E[tX]

But what if we get more creatlve
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Chernoff approach for Gaussians
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Sub-Gaussian

Definition
A random variable X is called sub-Gaussian if there exists a ¢ > 0:

Elexp(\(X — )] < exp (%‘2)

for all A € R.
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Sub-Gaussian concentration

Proposition

A sub Gaussian random variable X with proxy variance o satisfies:

2
ey ]P’[X—u>t]§exp< z),
20
5 ¢
P[X —p < —t] <
X-nu< ]_exp(zaz),
_ 2
& Fx -l > d <200 ().
g
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All bounded variables are sub-Gaussian

Lemma

Hoeffding Lemma: Let X be any random variable such that a < X < b
almost surely. Then for all A € R:

Elexp(AX)] < exp(\(b — 2)°/8)

§=Cbv)
=
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Preservation of Sub-Gaussianity

Proposition

Suppose that X1 and X, are 0 mean sub-Gaussian random variables with
proxy variances of o2 and o3

o If they are independent, then X1 + Xa is sub-Gaussian with proxy
variance o2 + o3

o In general, X1 + Xa sub-Gaussian with proxy variance (o1 + 02)?

o For c € R, cXy is subGaussian with proxy variance c2o?.
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Hoeffding's bound

Theorem

Hoeffding bound for averages: Let X; fori =1,...,n be a sequence of
IID random variables with proxy variances o, then:

)
P ([Soin-s] o) <o ()

ZX;/H—,U,
i=1
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Application to Monte Carlo
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Application to Monte Carlo cont.
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Maxima of sub-Gaussians

Proposition

Let X1,...,X, be a sequence of sub-Gaussian random variables with
common proxy variance o2 then

D ElmaxX] < ov/2log(n),
n
s = t2
6) IP’maxX>t)<Nexp( )
leizn

Note that independence is not needed.
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Proof EL/m efiianl ¢ = neﬁ/\g 7 £ A (L2 )
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Maximum over infinite sets

What if we wanted a maximum over an infinite set? For example, consider
the unit £ ball in RY and we are interested in controlling for:

E[sup 0" X],
0e€B2

where X follows some sub-Gaussian distribution.
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e-cover

Definition

Fix K C R? and € > 0. A set \ is called an e-net of K with respect to a
distance d(-,-) on RY, if N C K and for any z € K, there exists x € A
such that d(x, z) <e.
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Unit ball

Lemma

For any ¢ € (0,1), the unit Euclidean ball By has an e-net N with respect
to the Euclidean distance of cardinality |N'| < (3/¢)9.
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Supremum over L2 ball
Theorem

Let X € R? be a sub-Gaussian random vector with variance proxy o2. Then

E| sup QTX] =E|[ sup |0TX|] < 40V/d.
0By 0eBy

Moreover, for any § > 0, with probability 1 — 6, it holds
sup 07X = sup |07 X| < 40Vd + 20/2log(1/6).
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Sub-Exponential definition

Definition
A random variable with mean X with = E[X] is sub-exponential if there
are non-negative parameters (v, ) such that

2 \2 1
E [exp(AM(X — p))] < exp e for all || < —.
a
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Sub-exponential concentration

Proposition

Suppose that X is a sub-exponential distribution with parameters (v, &)
then:

t2
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Bernstein condition
Definition

Bernstein condition. Given a random variable X with mean y and
variance o2, we say that Bernstein’s condition with parameter b holds if

1
E[(X — )k < Ek!azbk_z for all k € N.
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Bernsetin condition

Proposition

Another way to get sub-exp tails For any random variable satisfying the
Bernstein condition with parameter b

\o? 1
E[e*X 1] < = for all |\| < =
[e | <exp > 2N or all | |<1/’
and, moreover, the concentration inequality

_ 42
P”X - /J,| > t] < 26Xp (2(0’2—:—bt)) for all t > 0.
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Preservation of sub-exponentials
Proposition

Preservation of sub-exponential property. For a sequence of

independent random variables X; for i = 1,..., n which are sub-exponential
(vi, «j), the sum
n

> (Xi — E(X),

i=1
is sub-exponential with parameters (v, a..) where a,

Uy = 4/ D 1/,-2.

= max;=1,.n«; and
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Chi-squared concentratlon
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Johnson-Lindenstrauss
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Johnson-Lindenstrauss Cont
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