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Sub-Gaussian random vectors

Definition
A random variable X is called sub-Gaussian with proxy variance o2 if there
exists a 02 > 0: ) >

Blexp(\(X )] < exp (*5-

for all A € R. A random vector X € RY is sub-Gaussian with proxy variance
o2 if u' X is sub-Gaussian with proxy variance o2 for all u € S9-1.
.
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Concentration for functionals R 7
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Bounded differences

Suppose we have a function f : R — R for all
/ / /
X1, X2y ooy Xdy X3 X0, -+, Xy €R

|f(X:/17X27"'7Xja"'aXd)_ f(XY7X27"'7Xj7'

[F(xt, %255 XG5y xa) — F(x1, %2, X,

(X1 X2, ooy Xy ooy Xy) — (X1, X2, vy Xy - -
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Bounded differences/McDiaramids

Proposition

(Bounded differences inequality/McDiaramids) Suppose that f

satisfies the bounded difference property with parameters (L1, ..., L,) and
that the random vector

X = (X17X27' X 7Xn)
has independent components. Then

212

P[|f(X) — E[f(X)]| > t] <2e Tizk forallt > 0.
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Clique sizes for random graphs F & o4
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Lipschitz property

We say that a function f : R" — R is L-Lipschitz with respect to the
Euclidean norm if:

|f(x) — f(y)| < L||x — yl|2 for all x,y € R".
Y ~
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Gaussian conceAtration
n
Theorem

Let (Xq,...X,) be a vector of IID standard Gaussian random variables and

let f : R" — R be a L-Lipschitz function with respect to the Euclidean
norm. Then f(X) — E[f(X)] is sub-Gaussian with parameter at most L and

2

PIf(X) — E[f(X)]| > t] < 2exp (%) for all t > 0.
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Singular value decomposition

As a reminder for a real matrix A € R"*9 the singular value decomposition
is:

A= Z si(A)ujv;", where r = rank(A).
i=1

The non negative numbers s;(A) are called the singular values of A, the

vectors u; € R" are the left singular vectors of A, and v; € RY are the right
singular vectors of A.

Sty [0 )
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Wely's theorem 5,252 7Y

Theorem

Given two matrices X and Y in R™9, we have

max [sk(X) = sk(Y)] < si(X = Y) < [[X = Y]|F,

where ||-|| is the Frobenius norm of a R"*9 matrix:

n d
Z Z az =/ Trace(ATA) =

i=1 j=1

min(n,d)

|AllF =

Z S;(A)O?
i=1
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Singular 7(/values of Gaussian random matrices
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What about non-Gaussians?
We need some other assumptions:
Definition

A distribution supported in R"” with density p(x) = exp(—1(x)) is said to
be v strongly log concave if there exists a v > 0 such that:

Xp(x) + (1= A(y) = oA + (1 = A)y) = 2A1L = V) x = y[3,

for all A € [0,1] and x,y € R".
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Cont.

Theorem

Let P be any strongly log-concave distribution with parameter v > 0. Then
for any L-Lipschitz function with respect to the Euclidean norm:

—~t2
PIFX) ~ EIFOOI > 6 < 26 (57 ).
A@Mm /'751&[7-/‘(’ S
? M ART
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Linear Regression
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Introduction
Most regression models can be written in the form of:
Y = f(x,-)—i—e,-,izl,...,n,

where f(+) is some functional relationship and ¢; are some centred error
terms.

Here, we assume the data generating model is:

Yi=x 0" +¢€,i=1,...,n,

£ G 8)
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MSE

We first consider the performance of our estimated models in terms of the
Mean Square Error (MSE), for a general regression problem this is:

MSE(R) = 25 (Ax) - )’

n«
i=1

for us this will simply to
~ 1 ~
MSE(XD) = 1| X(0, — 0)]3

where 0, is some estimated value for the regression parameter and 6* is the
true data-generating value of 6.
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Unconstrained estimation

Proposition

The least squares estimator -5 € R? satisfies Ae s

XTX0H = XTy. Ar=£
/]{ 1< et //ré
Yser™ (Vx4
s — (XTX)IXTy, = lIf= - b/,
z=4A1)h
where (X X) denotes the Moore-Penrose pseudoinverse of X T X.
ﬁ”ff ©r H}“?‘WLQ iz @’"IW/( o 4 Inint o
&/ufyrh G lly- ol =o
Rty-mit = -aliy - o) = o
=7 7(7)(@ = ?{ry

Moreover, 1° can be chosen to be
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Cont. < f%w)-/o,ﬁ é{#),/p

Theorem

Assume that the linear model holds where & ~ subG,(c?). Then the least
squares estimator O-° satisfies

n

A 1 A
E[MSE(XAL5)] = ~E|X8 — X¢*]2 < 02%,

where r = rank(X T X). Moreover, for any 6 > 0, with probability at least
1-9,

MSE(X@LS) < 0.2 r+ |0g(1/6)
~ n *
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Small fact that we'll need:

Moments of sub-Gaussian random variables. Let X be any random
variable such that )
t
Pl|IX| >t] <2 ——
X1 > 6 < 20 (5 2).

then for any positive integers k > 1,

E[IX|] < (202K (k/2).

Yanbo Tang (Imperial College London) Probability for Statistics Feb. 2025 21/34



Proof //\/—)(6//: < l/y—xg"//f = llel?
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Proof Cont. Syf(gfu)l < g/ﬁ((ﬁ)ﬁ“r%@szé{?{)

Soﬂe,
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L1 constraint R

g ~l,°
%€ oy

IK@E' X@"}l £ o )(/9 g;)

2 celxe) kY, Xy e/
o, 5 ")

i ok lgjm/ﬁc - %fCé V)

XV é\?( >(///‘XZ/XZ/ S

Yanbo Tang (Imperial College London) Probability for Statistics Feb. 2025 24 /34


iPad Air 5

iPad Air 5

iPad Air 5

iPad Air 5

iPad Air 5

iPad Air 5

iPad Air 5

iPad Air 5

iPad Air 5

iPad Air 5

iPad Air 5


Sub-Gaussian width of L! ball

Theorem
Let P be a polytope with N vertices vV, ... vIN) € R and let X € R? be a
random vector such that [v(i)]TX, i=1,...,N, are sub-Gaussian random

variables with variance proxy 0. Then

E [rena,gu?TX} < o+/2log(N),
€

and

E [?angx@ < 0+/2log(2N).
€

Moreover, for any t > 0,

P (maxé‘TX > t> < Ne_zij,
ocP
and

+2
P <max|0TX| > t) < 2Ne™ 207,
ocP
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Performance

Theorem

Let By be the unit {1 ball of RY, d > 2 and assume that * € B;.
Moreover, assume the conditions of Theorem 6 and that the columns of X

are normalized such that max; |Xj|» < \/n. Then the constrained least
squares estimator Géf satisfies

A 1 log d
E[MSE(X05;)] = ~EIX0§ - X6°3 S o °‘i

Moreover, for any 6 > 0, with probability 1 — ¢, it holds

MSE(X0E) < o M
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L° performance

Denote by By(k) the £o “ball" of R, i.e., the set of k-sparse vectors,
defined by

Bo(k) = {# € R? : |0]o < k}.
Our goal is to control the MSE of A2 when K = Boy(k). Note that
computing égo(k) defined as:

éléﬁ(k) € argmin |Y — X603,
0€Bo(k)

but this would require computing (Z) least squares estimators since this
loss is no longer smooth due to the constraint
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Best subset selection

Theorem

Fix a positive integer k < d/2. Let K = By(k) be set of k-sparse vectors
of RY and assume that 6* € By(k). Moreover, assume the conditions of
Theorem 6. Then, for any § > 0, with probability 1 — §, it holds

ko? ed o’k o2
oS - 4
MSE(XH k)) Iog (2k) + log(6) - o - log(1/9).
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Matching rates for LASSO?

Assumption INC(k) We say that the design matrix X has incoherence k
for some integer k > 0 if

where the |A|s denotes the largest element of A in absolute value.
Equivalently,

Q@ Forallj=1,...,d,

2
0B | 1
n — 32k
@ Forall1<i,j<d,i#j, we have
T
X Xl < 1
n 32k
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Technical Lemma

Lemma
Fix a positive integer k < d and assume that X satisfies assumption

INC(k). Then, for any S € {1,...,d} such that |S| < k and any € RY

that satisfies the cone condition
|0sc]1 < 3|0s]1,

it holds

We will interpret the cone condition more carefully next week when we
consider sparse recovery.
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LASSO

Theorem

Fix n > 2. Assume that the linear model (2.2) holds where & ~ subG,(c?).
Moreover, assume that ||0*||o < k and that X satisfies assumption INC(k).
Then the Lasso estimator O“ with regularization parameter defined by

or — 8 log(2d) e log(1/0)

n
satisfies . .
MSE(XO%) = = X85 — X0° |3 S ka2#.
and log(2d/6
Hé‘ﬁ _Q*HE 5 ko2 Og(n / )

with probability at least 1 — 0.
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Proof
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Proof Cont.
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