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Fixed versus random design
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L° performance Gk o

Denote by By(k) the £o “ball" of R, i.e., the set of k-sparse vectors,
defined by

Bo(k) = {0 € R : | < k}.

Our goal is to control the MSE of %% when K = By(k). Note that
computing ééﬁ(k) is to find:

é',‘;ﬁ(k) € argmin |Y — X603,
0€Bo(k)

but this would require computing (Z) least squares estimators.
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Best subset selection

Theorem

Fix a positive integer k < d/2. Let K = By(k) be set of k-sparse vectors
of RY, assume that 6* € By(k) and assume that the linear model with
g ~ subG,(c?). Then, for any 6 > 0, with probability 1 — 6, it holds

ed 2k o2
MSE(XOg, (1) S < ko~ Iog (2k) + |og(6)"T + % log(1/9).

Note that if we knew the exact sparsity level kg, then this bound would be
essentially optimal.
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Matching rates for LASSO?

Assumption INC(k) We say that the design matrix X has incoherence k
for some integer k > 0 if

where the |A|s denotes the largest element of A in absolute value.
Equivalently,

Q@ Forallj=1,...,d,

2
0B | 1
n — 32k
@ Forall1<i,j<d,i#j, we have
T
X Xl < 1
n 32k
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Technical Lemma

Lemma

Fix a positive integer k < d and assume that X satisfies assumption
INC(k). Then, for any S € {1,...,d} such that |S| < k and any € RY
that satisfies the cone condition

A
|0sc|1 < 3[0s]1, aléc/ o:b-6°
g8 )"

23

it hold!: 7
o 1013 <2|X9|z ., IoOke=
2 .

We will interpret the cone condition when we consider sparse recovery.
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LASSO

Theorem

Fix n > 2. Assume that the linear model with & ~ subG,(c?). Moreover,
assume that ||6*|lo < k and that X satisfies assumption INC(k). Then the
Lasso estimator 0% with regularization parameter defined by

or — 80 log(2d) e log(1/0)
n n
satisfies . .
MSE(XO%) = = X85 — X0° |3 S ka2#.
and

Hé‘ﬁ _ 9*”2 < k02|0g(2d/5)
2 ~ n °

with probability at least 1 — 0.
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Optimal rate (MSE) - SLOPE

Definition

(Slope estimator). Let A = ()1, .., A\q) be a non-increasing sequence of
positive real numbers, A\; > Ay > --- > XAy > 0. For § = (A1,...,04) € R, let
(01,...,6%) be a non-increasing rearrangement of the modulus of the entries,
|01],--.,|04]. We define the sorted ¢1 norm of 6 as

d
01 = > A
j=1

or equivalently as
d

01 = max > Ajlfs)-
j=1
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Cont.

Definition
The Slope estimator is then given by

. 1
0° € arg min {-|| Y — X053 + 2T|9|*}
0cRd | n

for a choice of tuning parameters A and 7 > 0.

In what follows, we use

A\ = log(2d/j), j=1,...,d.
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1

MSE - SLOPE ok

Theorem

Fix n > 2. Assume that the linear model holds where € ~ N;,(0, a21,).
Moreover, assume that |0*|o < k and that X satisfies assumption INC(k’)
with k' > 4k log(2de/k). Then the Slope estimator §° with regularization
parameter defined by

r=8V20 —Iog(’i/é)
satisfies

A 1 A
MSE(X0®) = ~|[X6° - X0*|3 S o

ok log(2d/kd)
n

and

HéS - G*HE < 0,2 k |Og(2d/k) |og(1/5)
~ n °
with probability at least 1 — 0.
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Why sparsity - selection of Gaussian graphical models
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Basis pursuit

Before we begin with the sparse recovery of the noisy version of the
problem, let us think about the deterministic version of the problem.
Suppose that you are asked to solve the following system of equations for 6:

X0=Y. ¥ rd
/J D7 r

n
f/nfamé{z >/C“ R

o) slltacll ' 10/ < € S/ AR (T
i Jonen //3 L sl g?:/é/ /

e (10l XOZ\/
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Restricted nullspace
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Restricted nullspace illustration

6 + null(X)

6 + null(X)

Figure 7.2 Geometry of the tangent cone and restricted nullspace property in d = 2
dimensions. (a) The favorable case in which the set 6* +null(X) intersects the tangent
cone only at 6*. (b) The unfavorable setting in which the set 8* + null(X) passes
directly through the tangent cone.

Image taken from High-Dimensional Statistics by Martin Wainwright.
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Restricted null space
Let: o~

C(S) == {f#le R : | Ase|| < |As]1}
Definition

Restricted nullspace The matrix X satisfies the restricted nullspace
property with respect to S if C(S) N null(X) = {0}.
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Unique solution - basis pursuit

Theorem

The following two properties are equivalent:

(a) For any vector 0* € RY with support S, the basis pursuit program

(7.9) applied with y = X0* has unique solution § = 6*.

(b) The matrix X satisfies the restricted nullspace property with respect

to

b=7a 94 ol §° pu abins
W 18It yely e D - G-

10, = 6%, = 1er+ A, =//9‘;fz§‘/14_
» + 1],
> |0 - 13, YLMCI/
0o &N = ) &e |l o
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Restricted isometry £ . x7x

Proposition
If

then the restrict null space condition holds for all subsets of cardinality at
most k.
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RIP

Definition

For an integer k, X € R"*? satisfies a restricted isometry property of order
k with constant dx(X) > 0 if

< 0k(X)

HXSTXS o

op

for all subsets of size at most k.

Proposition

If the RIP constant of order 2k is bounded as 62 < 1/3, then the
restricted null space condition holds for any subset S of cardinality |S| < k.
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Assumptions

Assumption

The smallest eigenvalue of the sample covariance submatrix indexed by S is

bounded below:
Xng
Vmin n > Cmin > 0.

Assumption
There exists some « € [0,1) such that Mkﬂ Wi

max ||(XZXs) X X1 < a.
JESc
Yt 5/@%(6 X Klﬂﬂ/ )(5

gcjc bo = o - Xwll, = (% )4&7‘)&,
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LASSO pote gg =L RGN T

Theorem

Consider an S-sparse linear regression model for which the design matrix satisfies Assumptions 2 and 3. Then for
any choice of regularization parameter such that

An > 2
"T1-a

7 €
xIng <) . @)
@ oo

the Lasso program has the following properties:

(a) Uniqueness: There is a unique optimal solution 6.

(b) No false inclusion: This solution has its support set S contained within the true support set S.

(¢) Loo-bounds: The error 6 — 0* satisfies g(}y/ )(
/_;/‘/\d

+ ‘
-

where ||Allco = maxj=1,...,s 35; |Ai | is the matrix oo -norm.

65 — 65 lloo <

‘(Xg'Xs)—IXSTE (X‘;rXs)—l
n n

n

An, (2)

oo

(d) No false exclusion: The Lasso includes all indices i € S such that |0}| > B(Xn; X), and hence is variable
selection consistent if minjcs |07 > B(XAn; X).
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Corollary |

For a S-sparse linear model based on a noise vector € with zero-mean i.i.d.
o-sub-Gaussian entries, and a deterministic design matrix X that satisfies
Assumptions 2 and 3, as well as the C-column normalization condition
maxj=1, .4 || Xjll2/+v/n < C. Suppose that we solve the Lasso program with
regularization parameter

\ - 2Co { 2Iog(;/—k)+5}

Cl-a

for some 6 > 0. Then the optimal solution g is unique with its support
contained within S, and satisfies the {.-error bound

~ 2] XIXs\
||95—9§\|oo§\/;<1/ <;g5+5>+H( > s) Aoy (3)

all with probability at least 1 — 4e=n9%/2,
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Sub-gradients
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Primal Dual Witness

Definition
Primal—dual witness (PDW) construction:
o Set é\SC = 0

@ Determine (55, Zs) € R® x R® by solving the oracle subproblem

~ . 1
0s € arg min 3 o-lly = Xstsl3+ Aallsl . (@

:i;(res)

and then choosing Zs € 8||05||1 such that V£ (fs) |9 5.+ AnZs = 0.

© Solve for Zse € RY~S via the zero-subgradient equation, and check
whether or not the strict dual feasibility condition ||Zsc||oc < 1 holds.
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Witness for LASSO

Lemma

If the lower eigenvalue condition holds, then success of the PDW
construction implies that the vector (0s,0) € RY is the unique optimal
solution of the Lasso.
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Proof
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Proof of main theorem
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