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LASSO

Theorem

Consider an S-sparse linear regression model for which the design matrix satisfies Assumptions 2 and 3. Then for

any choice of regularization parameter such that

2 T €
An > ——[xIng 05| o
11—« n
oo
the Lasso program has the following properties:
(a) Uniqueness: There is a unique optimal solution 6.
(b) No false inclusion: This solution has its support set S contained within the true support set S.
(¢) Loo-bounds: The error 6 — 0* satisfies
A XIXs\-1 te€ XI X5\ -1
S 'S T s s
185 — 65110 < ‘(—) x4 = +‘ (=) Ans @
n n|l o n o
where ||Allco = maxj=1,...,s 35; |Ai | is the matrix oo -norm.
(d) No false exclusion: The Lasso includes all indices i € S such that |0}| > B(Xn; X), and hence is variable
selection consistent if minjcs |07 > B(XAn; X).
y
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Corollary |

For a S-sparse linear model based on a noise vector € with zero-mean i.i.d.
o-sub-Gaussian entries, and a deterministic design matrix X that satisfies
Assumptions 2 and 3, as well as the C-column normalization condition
maxj=1, .4 || Xjll2/+v/n < C. Suppose that we solve the Lasso program with
regularization parameter

\ - 2Co { 2Iog(;/—k)+5}

Cl-a

for some 6 > 0. Then the optimal solution g is unique with its support
contained within S, and satisfies the {.-error bound

~ 2] XIXs\
||95—9§\|oo§\/;<1/ <;g5+5>+H( > s) Aoy (3)

all with probability at least 1 — 4e=n9%/2,
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Primal Dual Witness

Definition
Primal—dual witness (PDW) construction:
o Set é\SC = 0

@ Determine (55, Zs) € R® x R® by solving the oracle subproblem

~ . 1
0s € arg min 3 o-lly = Xstsl3+ Aallsl . (@

:i;(res)

and then choosing Zs € 8||05||1 such that V£ (fs) |9 5.+ AnZs = 0.

© Solve for Zse € RY~S via the zero-subgradient equation, and check
whether or not the strict dual feasibility condition ||Zsc||oc < 1 holds.
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Witness for LASSO M(jf ) > Cpiy, 290

v

Lemma

If the lower eigenvalue condition holds, then success of the PDW
construction implies that the vector (0s,0) € RY is the unique optimal
solution of the Lasso.

b o & gy e <282 el V9, 1Rl
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Proof of main theorem
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Matrix Concentration
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Some review

The Courant Fisher min-max theorem which states that:

Ai(A)= max min x'Ax
dim(E)=i x€S(E)

where the maximum is taken over all i-dimensional subspaces E of
R".
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Some review

The Courant Fisher min-max theorem which states that:

Mi(A)= max min x'Ax
dim(E)=i xS(E)
where the maximum is taken over all i-dimensional subspaces E of

R".Using this we can characterize the operator norm or the maximum
singular value as follows:

|Ax][2
1Al ;= = max_ [|Ax]la.

max
s xebmio} Iz xesn //’—

Equivalently, the operator norm of A can be computed by maximizing the
quadratic form (Ax,y) over all unit vectors x, y:

A= o amaAXY).
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Controlling the operator norm

Lemma

Let A be an m x n matrix and € € [0,1). Then, for any e-net N of the
sphere S"71, we have

sup ||Ax||2.
T sup x|

sup [|[Ax|2 < [|All <
xeEN

[J’””/" fix ko whh Al < 1] Al
Choe Yo &) whe Jx-Kll= €

IAv-Arl] < 1Al %K, 1A

<z
A% = A, - A Axlh 214 - £llA) 2 Cre A

e ARl g I A
(-2 )(‘.A/ /-¢
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The actual lemma

Lemma

Let A be an m x n matrix and € € [0,1). Then, for any e-net N of the
sphere S"~1 and any e-net M of the sphere S™1, we have

1
sup sup y' Ax < |Aleg < 15z SuP sup y ' Ax.
xEN yeM € xeN yeM
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Random sub-Gaussian matrices

Theorem

Let A be an m x n random matrix whose entries Aj; are independent, mean
zero, o-sub-gaussian random variables. Then, for any t > 0 we have

JAl < Co (Vm+v/n+t)

with probability at least 1 — 2 exp(—t?) for some constant C > 0.

hoil £l = OCim=)
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Step 1: Approximation.
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Step 2: Concentratlon 22 A i §>
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Step 3: Union bound.
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Application stochastic block model
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[[lustration

Figure 1: Taken from High Dimensional Probability by Roman Vershynin, with
n =200, p=1/20 and ¢ = 1/200.
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Cont. Yuns - koo

Theorem

Let S and T be symmetric matrices with the same dimensions. Fix i and

assume that the i-th largest eigenvalue of S is well separated from the rest
of the spectrum:

min [Xi(S) — A(S)| =4 > 0.
JU#i

Then the angle between the eigenvectors of S and T corresponding to the
i-th largest eigenvalues (as a number between 0 and 7 /2) satisfies

_ 28T
- (5 o

The conclusion of the Davis-Kahan theorem implies that the unit
eigenvectors v;(S) and v;(T) are close to each other up to a sign, namely

sin Z(vi(S), vi(T))

2325 - T
30 € {—1,1} : |vi(S) — 0vi(T)||2 < ”5”
March. 2025
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C

Bernstein inequality for matrices YoMoz)
Recall that we were able to use the fact that
Efexp(t(X + Y))] = E[exp(tX) exp(tY)],
and use Chernoff’'s method if X and Y are real valued random variables.

To generalize this approach we need to define what a matrix exponential
means:
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Bernstein inequality for matrices

Recall that we were able to use the fact that
Elexp(t(X + Y))] = Elexp(tX) exp(tY)],

and use Chernoff's method if X and Y are real valued random variables.

To generalize this approach we need to define what a matrix exponential
means:

Definition

For a function f : R — R and an n X n symmetric matrix

n
X = E )\,-u,-u,-T,
i=1

define
n
. § : T
f(X) = f()\,-)u,-u,- .
i=1
V.
e



Matrix power series

For a convergent power series expansion of f about xg:

F(x) = ai(x — x0)*
k=1

It is the case that series of matrix terms converges, and

FX) = aw(X —xol).
k=1

As an example, for each n x n symmetric matrix X we have

X 2 X3
=/+X + - + 30 +-
Aﬁk@A
G AsB) X 6}6(747 G5
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Generalization of exponential inequality

Theorem

(Golden-Thompson inequality). For any n X n symmetric matrices A and
B, we have

tr(e"B) < tr(e”eb).

Unfortunately, Golden-Thompson inequality does not hold for three or more
matrices: in general, the inequality tr(e”ATB+C) < tr(e”efe®) may fail.

Theorem

(Lieb’s inequality). Let H be an n x n symmetric matrix. Define the
function on matrices

f(X) := trexp(H + log X).

Then f is concave on the space on positive definite n X n symmetric
matrices.
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Cont. Z Kk

Lemma
(Lieb's inequality for random matrices). Let H be a fixed n X n symmetric
matrix and Z be a random n x n symmetric matrix. Then

Etrexp(H + Z) < trexp(H + EZ).

This follows by using Jensen's inequality.
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Matrix Bernstein

Theorem

(Matrix Bernstein's inequality). Let Xi, ..., Xn be independent, mean

zero, n X n symmetric random matrices, such that || X;|| < K almost surely
for all i. Then, for every t > 0, we have

P iX- >t <2nex —i
vl I P2 ke/3)

Here 02 = Hvazl EX?

is the norm of the matrix variance of the sum.
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Moment generating function of random matrices
O} e
(O] =

Lemma [Z) & Lblgi(

(Moment generating function). Let X be an n x n symmetric mean zero
random matrix such that || X|| < K almost surely. Then

)2

E exp(AX) = exp (g()\)]EXz) where g(}) = 1—|\K/3

provided that |\| < 3/K.
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Matrix Bernseteln - Step 1: Reduction to MGF
Qi = 2 A

51 = x| 301 2 w8 Porc@, = Jan))

o me (b
e
PL e =€) = pr €T 2

2 @—M: hm«(mj é{

= EiNa(e™)] 2

\

E
= EZdrap (M)
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Step 2: Application of Lieb's inequality

ST Qﬂ%mw@j
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Step 3: Using the MGF bound
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Expectation

Lemma

(Matrix Bernstein's inequality: expectation). Let Xi,..., Xy be

independent, mean zero, n X n symmetric random matrices, such that
|Xi|| < K almost surely for all i.

N N 1/2
E(> X S IDEX?|  /1+logn+K(1+ logn).
i=1 i=1 )

March. 2025 34 /38




General covariance estimation

We can estimate the second moment matrix ¥ = EXX T by its sample
version

1 m
Sm=— Y XX/,
mi

Recall that if X has zero mean, then X is the covariance matrix of X and
Y ., is the sample covariance matrix of X.
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General covariance estimation

Theorem

(General covariance estimation). Let X be a random vector in R", n > 2.
Assume that for some K > 1,

X2 < K(E||X|2)Y? almost surely. (5.16)

Then, for every positive integer m, we have

K2nlogn K3nlogn
Enzm—znsc(\/ AU g )nzu.
m m
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Proof cont.
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